Abstract. In this article we discuss a version of the Chebotarev density for function fields over perfect fields with procyclic absolute Galois groups. Our version allows also for a formulation of a classical Chebotarev density theorem for function fields over finite fields which includes ramified primes.
1. Introduction 1.1. Motivation. One of the important results in arithmetic geometry is called the Chebotarev density theorem for function fields. We will first shortly describe the theorem. For a precise statement see [Sti09, Theorem 9 .13A, Theorem 9.13B]. Let k be a finite field and let K be a function field over k. Let M/K be a finite normal extension of function fields over k with group G = Aut K (M ). To a prime of K which is unramified in M/K one can associate a conjugacy class of G, called the Frobenius class. The Chebotarev density theorem, in many different forms, gives an equidistribution result for the occurrence of conjugacy classes as the Frobenius class of primes.
In this article we generalize the Chebotarev density theorem in the following way. First of all, we allow k to be a perfect field with procyclic absolute Galois group. Secondly, our statements include ramified primes. Instead of an equidistribution result, we 'parametrize' the points with a given Frobenius class by primes of other function fields. When k is a finite field, we deduce a statement which is similar to the classical Chebotarev density theorems.
1.2. New Chebotarev density theorem. Let us describe the new Chebotarev density theorem.
Let k be a perfect field with procyclic absolute Galois group with F ∈ Gal(k/k) as a topological generator. Let r be the order of the profinite group Gal(k/k), which is a Steinitz number.
Let K be a geometrically irreducible function field over k, that is, a finitely generated field extension of k of transcendence degree 1 such that k is integrally closed in K. We denote by P K/k the set of valuation rings of K containing k which are not equal to K. The subset of these valuation rings such that the residue field is equal to k, the set of rational primes of K, is denoted by P 1 K/k . Let P ∈ P K/k . By k P we denote the residue field of the valuation ring P . We set deg Let M/K be a finite normal extension with automorphism group G = Aut K (M ). Let P ∈ P K/k with valuation Q above it in M . Set D Q,K = {g ∈ G : gQ = Q} (decomposition group). Note that we have a natural map D Q,K → Aut kP (k Q ). The kernel of this map is called the inertia group and is denoted by I Q,K . In fact, we have an exact sequence 0
The set of elements in D Q,K mapping to this generator is denoted by (Q, M/K).
We define a probability measure (P, M ) on G as follows. For γ ∈ G, with conjugacy class Γ, we set:
If I Q,K = 0, then the distribution is evenly divided over the whole conjugacy class of (Q, M/K) and zero outside. If I Q,K = 0 and γ ∈ G with ord(γ) ∤ r, one has
We have the following alternative version of the Chebotarev density theorem.
Theorem 1.1. Assume that we are in the situation as described above. Let γ ∈ F and assume that m = ord(γ)|r. Let k m be the unique extension of degree m of k in some algebraic closure of
Furthermore, we have a natural map
To see the resemblance with the conventional versions of the Chebotarev density theorem, we consider the case when k is a finite field. We find the following. The genus of M is denoted by g k ′ (M ). Corollary 1.2. Assume that k is finite of cardinality q. Let γ ∈ F . Then we have
A similar approach can be found in [FJ05, Section 6.4], but there only a density statement is deduced. 
Furthermore, there is a map
where
Proof. Note first of all that m ≡ 0 (mod #G/N ), by looking in the group G/N . This shows that
We have the following diagram:
We claim that the following three statements are equivalent for
Indeed, both sets have the same size as k m K/K is unramified and it follows that the natural injective map is a bijection. From the rationality of
′ and the result follows. As the extension k m K/K is unramified, one finds
iii =⇒ ii: If P ′ | Mγ is rational, then one has
As γ and F ′ have the same order, we obtain (
ii =⇒ iii: We have
. This shows that P ′ | Mγ is rational. The above equivalences show that we have the map as described. We will calculate the sizes of the fibers.
For a rational prime P ∈ P Mγ /k there is a unique prime above it in k m M (since it is just a constant field extension, see [Sti09, Theorem 3.6 .3]). Take a prime
, the residue field grows with a degree m/ deg k (P ′ ) and hence there are
Lemma 1.4. Let γ ∈ F and let Γ be its conjugacy class in G. Consider the natural surjective map, where
Then for P ∈ T with prime Q ∈ S above it we have
Let G γ be the stabilizer of γ under the conjugation action of G on itself. Then the number of g ∈ G such that γ ∈ (gQ, M/K) is equal to
. We can finally prove the new version of the Chebotarev density theorem.
Proof of Theorem 1.1. The first part directly follows from Lemma 1.3. The rest of the proof will follow from combining Lemma 1.3 and Lemma 1.4. We follow the notation from these lemmas. Note that φ = ψ • ϕ. Let P ∈ T and let Q ∈ ψ −1 (P ). Note that deg k (Q) does not depend on the choice of Q. One has:
Note that for P ∈ P 1 K/k \ T we have (P, M )(γ) = 0 = #φ −1 (P ).
We will now prove the corollary. 
This gives the required result.
